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lo  Introduction 

For  various  purposes  it  is  often  desired  to  change  the  direction  or  alter 
the  characteristics  of  a  given  beam  of  ions.  This  can  be  done  with  various 
combinations  of  magnetic  and  electric  fieldS;,  of  which  a  homogeneous  magnetic 
field  and  a  radial  electric  field,  such  as  is  found  inside  an  electrostatic 
deflector,  are  among  the  easiest  to  produce.  It  is  the  purpose  of  this  report 
to  summarize  the  optical  properties  of  these  two  types  of  fields,  and  of  various 
combinations  thereof.  It  is  always  assumed  that  the  electric  and  magnetic  fields 
are  perpendicular  wherever  they  are  superimposed,  are  plane  bounded,  and  that  the 
beam  is  in  what  shall  be  called  the  horizontal  plane,  which  is  defined  as  the 
plane  perpendicular  to  the  magnetic  field  and/ or  parallel  to  the  electric  field. 
The  discussion  will  be  confined  to  effects  of  the  first  order  in  the  deviations 
in  position,  direction,  velocity,  and  mass  of  the  ions  from  reference  values. 

The  theory  of  focussing  effects  in  the  horizontal  plane  is  based  on  a  paper 
by  Ro  Hertzog,^  who  was  interested  chiefly  in  applications  to  mass  spectroscopy. 
Parts  of  his  discussion  have  been  generalized  somewhat;  further  the  focussing 
effects  in  the  vertical  plane  (the  plane  parallel  to  the  magnetic  field  and/or 
perpendicular  to  the  electric  field)  are  given.  All  optical  properties  are 
expressed ' by'  equations  which  show  the  analogy  with  thick  lenses,  and  so  far  as 
possible  Hertzog’s  notation  has  been  used.  Lastly  some  discussion  of  the  appli¬ 
cation  of  the  theory  to  the  problem  of  injection  into  the  bevatron  has  been 
included. 


^  R.  Hertzogi»  Zeits  f.  Phys.  447  (1934) 
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2.  The  Orbital  Equations  for  Fields  Bounded  by  Planes  Normal  to  the  Incoming 
and  Outgoing  Rays 

Consider  an  electromagnetic  field  confined  to  a  wedge  shaped  region,  shown 
in  Fig.  1  as  region  III. 

Regions  I  and  II  are  field  free.  In  region  III,  bounded  by  the  lines  Py* 
and  Py",  is  a  uniform  magnetic  field  H  perpendicular  to  the  plane  of  the  paper, 
directed  upwards  or  downwards  according  as  the  ion  is  positive  or  negative  re¬ 
spectively,  and  an  electric  field  produced  by  two  eylindrica.1  condenser  plates 
concentric  with  P  of  radius  and  R2  (where  y  R2)  with  a  potential  differ¬ 
ence  X.  If  the  potentials  of  the  cylinders  are  so  adjusted  that  the  circle  of 

2 

radius  a  has  zero  potential,  the  potential  and  field  at  a  radius  r  are  given  by 


V(r)  = 


in  ^  ^ 

R2 


X 


(r 


E(r)  =  -  ^  - 


(1) 


H  and  X  are  of  such  magnitude  and  sense  that  an  ion  with  charge  velocity 
Vq^  and  rest  mass  Mq  incident  normally  to  Py®  at  0®  ?)/ ill  follow  a  circular  path 
of  radius  a  about  emerging  at  in  a  direction  normal  to  Py**,  that  is  along 
X»o 


For  this  particle,  the  radius  of  curvature  a  is  given  by 


a 


n/i  - 


eX 


ain.gl 

^2 


e  ^  Vo 
c 


or 


where 

Ee 


^  Smythe  §  2.04 


1  =  ^ 


Mq  v§ 

'h.  -  v§/c^ 


a 


eX 


Mq  Vq  C 

Jl  -  v^c2  eH 


(2) 

(2*) 

(3) 
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are  the  radii  of  ctirvature  that  would  exist  if  the  electric  and  magnetic  fields 
were  present  alone,  respectively,*  If  the  curvatures  are  opposed  the  smallest 
of  ae  or  am  is  taken  positive,  the  largest  negative. 

Consider  now  an  ion  with  velocity  and  rest  mass 

V  =  Vn  (1  +  A) 


M  =  Mo  (1  +  y) 


whose  path  in  regions  I  and  II,  with  respect  to  axes  x'y',  and  x''y"  is 


y'  =  7i 


+  a’x' 


y"  *  y2  +  a"x".  (c 

It  is  shown  in  Appendix  I  that  the  path  of  this  ion  in  region  III,  to  the 
first-  order  in'  Y,  a  * ,  and  z  =  is  given  by 

r  -  a  =  a  -  sin  K(p  +  c§(l  -  cos  K<p)  +  cos  K??  ("i 

L  K  '  a  J 


where  K  and  S  are  defined  by 


k2  =  1  .  ff-r  (I  -  /32) 


k2<5  =  Y  +  (l  +  ^  +-ifi_UY  +  BA 

V  1  "  / 


and  (^o  =  — 


Hence 


=  r(^)  -  a  =  a  sin  K{)  +  ^  (1  -  cos  K^)  +  ^  cos  K$ 


a"  =  ^  m 

a  U<PJf) 


cos 


sin  K|  -  K  sin  K| 


*  If  V(a)  ^  0  the  analysis  is  unchanged  provided  that  in  equations  (2)  and  (3) 

Vq  is  replaced  by  Vq  =  Vq  jl  -  (1  -  ^ 

L  Mo  vg  _ 

particle  at  potential  V (a) . 


the  velocity  of  the  same 


so  that  from  (6) 


/-It  =  +  a''x"  =  a  ^sin  ^  (1  -  cos  K|)  +  cos  K| 

+  x"  I”  a®  cos  K§  +  6  K  sin  Kj)  -  sin  Kf  , 
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(12) 


3o  Generalization  to  Arbitrary  Plane  Boundaries 

Suppose  now  that  the  boundaries  of  region  III*  are  not  the  y®  and  y"  axes, 
but  are  inclined  at  angles  £*  and  £"  to  these  axes,  respectively,  as  shown  in 
Figo  2,  where  x’0‘0”x”  again  represents  the  reference  orbit » 

n*  and  n"  are  the  normals  to  the  planes  bounding  the  field.  All  quantities 
are  to  be  taken  as  positive  when  the  arrangement  is  as  shown  in  Fig.  1  or  Fig.  2. 

D.  is  the  angle  between  the  field-bounding  planes  and  is  to  be  taken  as  positive 
when  the  intersection  of  the  planes  is  on  the  same  side  of  the  orbit  as  P,  the 
center  of  the  reference  ray's  circle  O'O".  It  is  related  to  £',  and  £"  by 

A  =  f  -  £'  ~  e".  (13) 

Further,  if  c*  is  the  distance  between  O'  and  the  intersection  of  the  field 
bounding  planes,  then  it  may  be  shown  geometrically  that 

sin  £"  =—  sinil  -  sin  (A  +  £'),  (13') 

a 

An  ion  described  by  (4)  which  passes  through  the  point  x®  =  i.’,  y'  =  b* 
with  angle  a*  will  have  a  path  in  I  given  by 

y«  =  b*  +  (x®  -  J^')  a'-  (14) 

It  will  enter  the  field  at  the  point  Q*,  leave  it  at  Q",  and  will  behave  as 
if  it  had  entered  a  field  bounded  by  PQ'  and  PQ".  Hence  its  orbit  is  given  with 
respect  to  Cartesian  axes  x'y'  in  I  and  x"y"  in  II  (see  Fig.  2)  by  equations  (SK^) 
and  (12),  with  bars  placed  over  all  variables. 

The  relations  between  barred  and  unbarred  variables,  to  first  order,  arel 


*  The  effect  of  the  fringing  fields  is  discussed  in  Appendix  C. 
For  brevity  the  notation  ^n  is  used  for  tangent,  instead  of  tan. 
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x  =  x+  a^f  =  -  Af" 

y  =  y 

a  «  a  -  ^  tn  e". 


y  =  y 


From  (14)  it  is  seen  that 


y^  =  b®  -  a’i”. 


Substituting  equations  (15)  and  (16)  in  (12),  where  all  variables  in  the 
latter  are  barred,  and  discarding  terms  of  higher  than  first  order,  there  is 
obtained  for  the  path  of  the  outgoing  ion  the  equation 


yti  =  b»  |-x"  ±n  -  tn  -  In  e"  ~  tn  £'  in  6", 


a'  ^ 


+  cos  K$  ^1  +  in  £* 

K  in  K|  -  in  £*  -  tn  d»'  -  in  d®  in  t" 


-  cos  Kf  (l  +  tn  d" 

-  cos  K|  j^i'  (l  +  in  £'  +  a  J 

+  ^  ^x"  |k  sin  K$  +  (1  -  cos  K$)  in  £"  j  +  a  (1  -  cos  K$)  (17) 

This  is  an  important  equation,  since  from  it  all  the  optical  properties  of 
the  system  may  be  deduced, 

4.  Optical  Properties  of  the  System 

The  point  (i*,  b>)  is  called  the  object  point,  and  i>  the  object  distance. 
All  ions  from  (i®,  b®)  with  the  same  S  will  converge  at  a  point  (1",  b”),  called 
the  image  point.  The  image  distance  i"  is  that  x"  for  which  the  dependence  of 


y*®  on  a®  vanishes.  From  (17)  it  is  seen  that  J"  is  given  by 


i"  «  a 


'  s  '  ''  V  (l  +  tn  d®  a 

i«  tn  K$  -  tn  e®  -  in  d'®  -  in  £»  tn  e®'  -  a  (l  +  tn 


.(18) 


The  analogy  with  a  cylindrical  lens  is  facilitated  by  the  introduction  of 
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the  following  variables 

f  5  a  [cos  (k  in  -  ±n  £»  -  tn  £"  -  tn  £>  tn  £"  — (19) 

g*  =  f  cos  ^1  +  tn  £" 

g«  =  f  cos  ^1  +  tja  e" 

f,  g*  and  g”  are  also  related  by 

f2  „  gigii  *  af.  (19') 

In  addition  is  it  convenient  to  introduce 

p"  =  ^  tK  sin  K$  +  (1  -  cos  K|)  tn  £"] 


q  E-^  (1  »  cos  K$).  (20) 

k2 

Then  using  equations  (19) and  (20),  (17)  can  be  rewritten 

yti  =  b>  [(x"  -  g'')(t  -  g’)  -  +<SK.^  [x*'p"  +  q]  (21) 

Hence  the  angular  deviation  is 

a"  =  ^  =  »  —  +  a'  +  ,§K2p"  (22) 

dx"  f  f 

and  the  object  and  image  points  are  related  by 

(i"  "  g")(i*  "  g”)  =  (23) 


When  1®  =  gSX"  --oo  and  when  1"  =  g",  t®  =  o®  so  g*  and  g"  are  the  abscis¬ 
sas  of  the  first  and  second  focal  planes  G'  and  G”,  respectively. 

The  principal  planes  H*  and  H"  are  defined  by  the  property  that,  for  S  =  0, 
they  form  images  in  each  other  without  magnification.  If  their  abscissas  are 
called  h»  and  h",  then  i«  ==  h’,  i®'  -  h",  b'  ^  b",  so  from  (21),  and  (23) 

b®  =  b”  =  b«  ,  (h"  -  g'’)(h'—  g®)  =  f^ 

so  that 

gii  =  b*'  ~  g®  -  h*  =  f-  (24) 

Since  f  is  the  distance  beoween  each  focal  plane  and  the  corresponding  principal 
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plane  it  can  be  identified  as  the  focal  length  of  the  lens. 
With  the  help  of  (24)  and  (25)  it  can  be  shown  that 


1'  -  h>  -  h"  f  ‘ 

The  ordinate  of  the  image,  b",  is  given  by  (21)  as 


(25) 


bii  =  b'  g”  Y'-—  +  ,^K^(J!"p"  +  q). 


(26) 


Since  the  rays  are  reversable  all  of  the  foregoing  equations  are  valid  if 
primed  and  double  primed  variables  aire  interchanged.  In  particular 


bi  =  b"  '  ■  ~  +  5K'(l'p®  +  q). 


(26) 


Hence  all  particles  will  be  focussed  ati”,  0  for  which  the  relation  between  b' 


and  S  is 

b«  =  5K2(1'p'  +  q) 


(26) « 


which  is  the  condition  for  velocity-mass  focussing. 

In  order  to  have  the  emerging  beam  entirely  parallel  to  the  reference  ray 
it  is  seen  from  (22)  that 

i'  =  gS  <SkV-  (27) 

If  these  conditions  are  satisfied  the  ordinate  of  the  emergent  parallel  ray 
is,  from  (21) 

y"  =  -  a'  f  +  SK2  [g''p"  +  q].  (28) 

5.  Focussing  Properties  of  the  System  in  the  Vertical  Plane 

A  description  will  now  be  sought  for  the  behavior  of  an  ion  which  approaches 
the  field  at  a  slight  angle  av  with  the  horizontal  reference  plane,  and  which  is 
displaced  from  that  plane  a  distance  small  compared  with  the  dimensions  of  the 
system.  Such  an  ion  will  be  deflected  vertically  only  at  the  edges  of  the  mag¬ 
netic  field  by  the  magnetic  fringing  field.  Since  the  deflections  are  propor¬ 
tional  to  tty  and  where  b^  is  the  vertical  distance  above  the  horizontal 
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plane  of  the  vertical  source,  the  first  order  horizontal  deviations  and  mass  and 
velocity  deviations  may  be  neglected  in  a  first  order  theory.  The  situation  is 
shown  schematically  in  Fig.  3.. 

Fig.  3  is  a  vertical  cross  section  of  the  system  along  the  curve  x*0*0'’x'' 
of  Fig.  2.  It  is  shown  in  Appendix  II  that  an  ion  which  passes  through  the 
point  x’  =  z'“  bv  at  an  angle  av,  i.e.,  an  ion  whose  vertical  pdth  in  region 


z  =  by  +  (x>  “  J24)  dv 

will  be  so  deflected  by  the  fringing  fields  that  its  path  in  region  II  is 


(14v) 


where 


z"  =  by 


g^  -  X"  ^  a4 

fv  fv 


(x"  “  gy)(j?v  -  gy)  “  fy] 


P  _ _ a  Ky  _ 

^  fn  £’  +  in  e”  -i.  £’  i'n  £*' 

Ky 


(21v) 


g^  =  fy  [l  -  f-tn  £" 


gv  *  fv  U  £‘ 


(19v) 


A  useful  relation  is 


f^“g;g;  =  aDv  U9v»j 

Since  (21v)  is  identical  in  form  to  (21)  except  for  the  absence  velocity- 
mass  dependence,  equations  (22)  to  (28)  are  valid  in  the  vertical  plane  if  sub¬ 
scripts  V  are  placed  on  all  variables  and  6y  is  set  identically  equal  to  zero. 


(19v0 


D  V  ,  ,  Jiy  »  gy 

-p-  tty  - s - 

ly  ly 


(22v) 


(ii;  g|)(i4  =  g4)  =.  f2 


(23v) 


h:^  i”  -  h”  fy 


(25v) 


where  and  are  ’che  abscissas  of  the  first  and  second  vertical  principal 


! 


UCRL-599 
Page  11 


planes,  respectively,  defined  by 

(24v) 

Again  is  the  abscissa  of  the  vertical  image  whose  height  is  related  to  that 


of  the  object  by 


■h'l  _  p  II  f 

Sv  ”  -®-v 


(26v) 


If  the  beam  is  to  emerge  parallel  to  the  horizontal  plane  it  is  necessary  that 


=  gv’ 


K  =  0 


in  which  case  the  height  of  an  ion  which  starts  with  angle  04  will  be 

z”  =  -  a4  fv' 


(27v) 


('28v) 


6.  Componnd  Systems 

Suppose  there  are  two  systems  in  series  as  shown  schematically  in  Fig.  4. 
The  beam  is  assumed  to  approach  from  the  left. 


V  ;  f  and 


axes  are  the 


x’  and  y' 


axes  for  the  entire  system. 


Note  that  in  Fig.  4,  f"  is  negative.  To  obtain  the  path  of  the  emergent  ion 
which  passes  through  i',  b'  at  angle  a’  equations  (21)  and  (22)  are  used  to 
calculate  the  ordinate  and  angle  of  the  ion  when  it  crosses  the  first  focal 


plane  of  system  2.  We  have 


^2  ■  ^2’ 


=-d--  g' 


so  using  (21)  and  (22) 


.  y”  .  b'  ^  [(cl  -  -  gJXi'  -  gi)  -  ff] 


^iKi  [(4  -  gj)  Pi  ♦  qj 


«.«  _  b'  i’  “  Si  t  p-2 

®2  “  ®1  =  "  ^  *  ^1^1  Pi 


from  (21)  the  equation  of  the  outgoing  beam  is 


y.  =  b^  f2^  -  q  .  [yp”  -  qj. 


k2,5  =  Y  +  BA. 

In  case  the  systems  ai’e  oriented  with  cxirvatures  opposed,  that  is,  so  that 
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the  y£  and  axes  are  opposite  in  sense  from  each  other,  the  signs  of  and  a2  in 
(29),:^nd  (30)  are: reversed.  ;The  effect  is  to  change  every  sign  (32)  except  the 
last;  <^2  (x”  P2  +  q2}*  This  is  equivalent  to  replacing  f2  by  -f2  in  equa¬ 

tions  (19c)  and  (20c) . 

Similarly  equations  (19c),  (20c),  and  (21c)  describe  the  vertical  focussing, 
except  that  there  is  no  first  order  dependence  on  Y  or  A,  so  in  equation  (21c)  the 
term  (y  +  B^)  [x"  P"  +  q]  should  be  omitted.  Naturally  the  vertical  f's  and  g's 
defined  in  (19v)  must  be  used  in  (l9c). 

The  foregoing  may  be  generalized  to  the  case  in  which  the  two  systems  are 
rotated  relative  to  each  other.  Thus  suppose  the  y2  axis  in  Fig.  4  is  rotated 
about  the  x^  axis  out  of  the  plane  of  the  paper  through  an  angle  0.  Then 

J2  -  yi  oos  0  +  Z]L  sin  0 
Z2  =  -  yf  sin  0  +  zj^  cos  0 
if  the  notation  is  changed  to 

yi  =  yi  zi  =  y2 

y^  *  yi  =  y2 

Cii  =  cos  0  Ci2  =  sin  0 

C21  =  -  sin  0  C22  =  cos  0 


ym  =  ZCmj  yj' 


The  value  of  ym  when  the  beam  crosses  the  first  focal  plane  of "2” for  the 
m  direction,  that  is  where  X2  =  g^mj  x£  =  d  -  g^m*  is 

^2m  “  2.  ^mj  ”  S2m) 

j 


fvi  ®i.i  “  “  S2m)  .  rz-j  _n  ^  *>2"  1 

p  ~f£-: —  fij  1;' 

■s 

+  A)  (d  -  g^)  p£  +  qj  .. 

J.1 _ _  _ _ •_  ^ 


(29') 


Its  inclination  in  the  m  direction  is 


i 
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*  - 

dx2  dx^ 


dx^ 


r  rt" 


J 


X_  +  ai  i-1-^  +  <§li  (y  +  Bi  A)  p1  . 

flj  '  '  J 


(30«) 


In  (29*)  and  (30")  the  fire t  index  on  the  f“s  acid g's  refers  to  systen.  'a«or^;'the  second 
to  the  horizontal  or  vertical  component.  The  outgoing  ray  has  its  m"*^^  ordinate 


given  by 


fan.  *  *  ®2  [’'"  Pa  *  lal  ' 


substituting  (29*)  and  (30*)  in  (31")  gives 


J=1  I  ^ 


^  ri  -  ^  [(=:"  -  oij)oj  -  “lij)  -  pSj] 


where 


My  +  E  A)  [x"  F"  +  qJ 

j-  .  =  _ 

Sh  "  g2m  “  ^ 


(21c') 


“”3  ■  X 


(19c') 


g"  =  e"  ^  F  . 

^2m  m,]* 

Here  Fmj  refers  to  the  outgoing  m^^  component  due  to  incoming  component.  Also 


Cml  (<1  -  4b) 


Pi  ^  i  '  '^ml 
—  '^  .Im  P  2  ^ 


(20c*) 


Qm  =  Cml  (d  -  g^)  Ig-  ^  fpj,  j  Pi  g  91  +  ^Im  92 


and  B  has  the  same  meaning  as  before. 

7o  Applications  to  Bevatron  Injector  Systems 
a.  The  Berkeley  1/4  scale  model  bevatron. 

The  injector  system  for  this  machine  (see  Fig,  5)  consists  of  a  cyclotron 
which  accelerates  the  protons  to  0.625  Mev,  ejecting  them  in  a  beam  which  appears 
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to  have  separate  horizontal  and  vertical  nodes,  about  2  ft.  from  the  cyclotron 
tank  wall,  the  horizontal  node  being  about  5  in.  closer  to  the  cyciotron  than 
the  vertical  node.  The  beam  then  passes  through  a  magnetic  wedge  with  a  10  in. 
radius  of  curvature,  by  which  it  is  directed  to  a  90°  electrostatic  deflector 
which  brings  the  beam  into  the  bevatron. 

How  should  this  compound  system  of  magnet  and  deflector  be  designed  to 
obtain  a  parallel  beam  for  injection,  with  optimum  definition?  In  the  notation 
of  Sec.  6,  system  1  is  the  magnetic  wedge j  2  the  electrostatic  deflector.  They 
are  distinguished  by  subscripts  M  and  E  respectively.  As  before,  subscript  v 
refers  to  the  vertical  plane,  h  to  the  horizontal.  Since  the  velocity  of  the 
protons  is  non-relativistic,  and  since  there  is  no  mass  variation  the  following 
relations  hold. 


Kjjh  “  %v  1  ■■■ 

Kgv  = 

Kgh  =  /2 

f  Sfi 

sin  V2  fe 

Bjn  =  1 

Bg  =  2 

^Eh  Sgh  =  ^ 

-  2  ^ 

1  .  ^ 

~  J2  ^ 

1 

II 

$g  =  Tr/2 

£]^  =  =  0 

qg  =  "Y  (1  “  cos  %). 

If  the  value  $g 

=  n/2,  then 

fp;  ®  .890  a£  Pg  =  ,563 

gg  =  -.539  ag  qg  =  .  197  ag. 

It  is  assumed  that  ag  and  ajj  are  fixed,  so  that  Jig  (or  Jy)  £'  £",  and  d 
remain  to  be  determined. 

Now  bg  =  b^  =  0  and  there  is  no  velocity  dependence  in  the  vertical  plane, 
so  the  conditions  for  a  parallel  beam  as  given  by  (27)  are 


K  =  Gh 

(33a) 

S  K^P"  =  A  BP"  =  0 

(33b) 

(33c) 
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Equations  (33)  determine  three  of  the  parameters  in  terms  of  the  other  two; 
for  convenience  they  will  be  used  to  express*^’,  and  d  in  terms  of and 


From  (19c),  (33a)  becomes 

ih  =  4 


+  (gE  “  d) 


where  the  subscript  h  on  the  f's  and  g's  is  understood,  or 


(-^h  "  gM)((d  “  gfi)  "  Sm)  =  ^“1 

a  comparison  with  (23)  shows  that  d  -  gg  is  the  image  of  by  the  magnetic 
wedge  alone.  Hence  (18)  applies  with  =  d  -  gg,  K  =  1,  0  * 


1 

d  -  gg 


1  (in  %  -  in  £«)  -  ai 

-^Vi  (1  % 


In  £«  = 


R  (in  Im  “In  £>) 


(1  +  tn  £ '  tn  %)  +  ajjj  txi  d  “  gg  ‘ 


From  (20c)  equation  (33b)  can  be  written  as  follows; 


(34a) 


Bpii  =  >  ^  ^E 


(34b) 


.  2  p|  fE  -  %!  ag  aja  (1  -  cos  1^) 

Pil/i  sin  (1  -  cos  |m)  tn  £" 


(34b) 


substituting  this  in  (34a)  gives 


t'n  £"  I  1  + 


1  -  cos  Im 
-  (1  -  cos 


L  $M  -  ^n  £ ' )  -  aM 

I  (1  +  tn  £®  tn  Ijyi)  +  ajj  tn 


fnt^=  1-  —  (1-  cos 

ag 


(1  “  cos  %) 


i  h  (in  $M  “  in  £  » )  “  ai 
(1  +  ±n  e*  i-n  I)  +  ajyt  tn  as 


(34ab) 


Since  all  of  the  vertical  focussing  takes  place  in  the  magnetic  wedge,  g^  =  ggv 


so  from  (I9v) 
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1'  - 


ai  (1  -  Im  £") 

in  g"  +  in  £'  (1  -  $  tn  e") 


in  £„  _ _ tn  £ ' 

■^v  (1  -  Im  tn  e*)  +  ajj  liij 


Setting 


.  _  aE  L '  - 

ip - ,  iJU  “  - ^ 

^  ajj  ^  am 


and  equating  (34c)  and  (34ab)  it  follows  that 


1  -  L4  tn  €' 

14  (1  -  tn  E‘)  + 


1  Lh  (in  -  in  e>)  -  1 

—  (1  -  cos  (Pm)  ;  ■  - 5 - — 5 — j-T - j— 

Ag  L]^  (1  +  in  £■*  in  %)  ■*■ 


(34c) 


Let  |X  and  v  be  defined  by  the  equations 


—  =  1  -  ^  (1  -  cos  Im) 


-•  (36) 


2^  _  sin  (Pm 

% 

(In  case  the  and  yg  axes  are  antiparallel,  Ag  should  be  replaced  by  -Ag  in 
(34b)  and  (37)).  With  these  definitions  (36)  may  be  written 

ln2  £'  L  %  . 

U  V  . 


+  Xn  £' 


1  .  JL.  1 

Miv  t^h  ^ 


n  vLg 


Im  tn 


VL^ 


tn 

M.  vLgj 


l/L^  uLjl^L^ 


(36') 


From  this  equation  e*  can  be  expressed  in  terms  of  Jy  and  $M‘  Then,  substi¬ 
tuting  back  in  (34c)  and  (34b’),  £”  and  d  may  be  similarily  expressed,  tg, 
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and  fi  remain  to  be  disposed  of  and  will  be  chosen  to  give  as  narrow  a  beam  as 
possible. 

The  horizontal  and  vertical  widths  of  the  beam  may  be  determined  as  follows. 
From  (28)  the  horizontal  width  due  to  angular  divergence  is* 

%  ■  -  ^ 

From  (19c)  and  (33a).  f  (Gh  ”  Slllh)  7^  (-^h  “  SMh)  j 

“  (d  °  gg)  %  1’  gfi  "  SM  Sfi] 


(d  -  gg)  %  -  4  4  *  4]  =  (a !  4 


g'  fE 


Thus 


^a^.  =  T"^ —  [^-M  +  cos  %(!  +  In  f'  In  $m)] 

«h  d  -  g£  *- 


while  that  due  to  velocity  deviation  is 

^  k2  [g«  P"  +  q]  =  'A  B  [G"  F*'  + 
since  BP”  =  0  by  (33b) 


A  BQ 


(d  gg)  ^.+  fg]  p|  +  M  +  2qE 


with  the  help  of  (34b)  this  can  be  written 
^A  ^  {%  pII  ■*•  2qE  +  2gE  pg} 

^  (^‘e  %  +  (1  ~  cos  %i)  i  n  €.>']+  a^j. 

Finally  the  vertical  height  is  given  by  (28v) 


ay 


dy  fy  ”  dy 


^Mv 


tn  e” 


but  since  i-v  =  gv  *  SE 


• 


a 


'V 


i 


V 


1  "  in,i  tn  e' 


(38a) 


(38b) 


(38c) 


Formulas  (38)  give  the  widths  of  the  beam,  hence  Ay,  e’,  e",  and 

d)  should  be  chosen  to  make  them  as  small  as  possible. 

*  If  subscripts  v  or  h  are  omitted  from  appropriate  variables,  h  is  understood. 
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For  a  numerical  example  let 

ajy;  =  10",  ag  =  25")  fg  =  90O* 

Then  the  optimum  values  are  approxiiriately  =  35",  $M  *  19°. 
Application  of  the  above  recipe  then  yields 

=  30",  £'  =  40. °0,  £"  =  -35. °7,  d  =  72.5"  and 


.238  a 


,  inches 
b  degree 


A  _  onn  A  inches 


“  .^11  ttv 


inches 
degree  ' 
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(39v) 


yv  =  ®e) 

(4  =  “  o^- 


since  there  is  no  vertical  deflection  by  the  electric  field. 


It  is  estimated  that  the  linear  accelerator  will  give  a  beam  about  l/4  in, 
in  diameter,  with  an  angular  divergence  of  about  1:500,  and  an  energy  spread  of 
about  1:300,  this  means 


hb'  ~  1/4”, 


The  figures  tentatively  adopted  for  the  deflector  are 

%*37?5'  aE  =  20'. 

Thus  at  the  end  of  the  deflector  the  Injected  beam  would  be  given  by  (39)  and 
(39v)  as 

yj^  *  .6017  b^  -  212.4  +  93.92  ^  -  284.9 

tth  =  -  -?-T  *  1»130  A  -  c4. 

“  212.4 

The  above  estimates  for  the  b*s  and  a's  give 

~  .1504  +  .4248  +  .1878  ~-.8"  ^y^  -.25  +  ,57  -  .8” 

hag  -  .0012  +  .0023  “  .0035  rad  hag  -  —  .002. 


This  should  be  sufficiently  good  definition  for  the  purpose. 
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Appendix  A 

Path  of  the  Ions  Inside  the  Field  Region,  Horizontal 
The  equation  of  motion  in  region  III  is 

—  (mv)  =  eE  +  e 
dt  c 

where  m  is  the  relativistic  mass  of  the  ion.  Using  polar  coordinates  r,  (p  of 
Fig.  1  and  the  fields  described  in  Sec.  2  there  result  from  this  vector  equation 
the  two  scaler  equations  of  motion 


—  (mr2®)=-^rf 

dt  c 

—  (mf)  -  mr^=-  —  ■  r  <p. 

dt  r  .  %  c 

R2 

Integrating  (Al)  gives 


-4 

r^2  ^  2mc  I  1.2 


where  subscript  1  denotes  the  value  of  the  quantity  at  <p  =  0.  Putting 


r  =  a  (1  +  ^) 


gives,  to  first  order  in  ^  and 


<P  =  -^91  (1  +  2^  -  ^  -^l) 


2  :i  + 


<Pi)2  '1  +  y>i  -  Af>)  + 


Substituting  (A4)  in  (A2)  gives 


imp)  -  [mi  9l  (1  '3/0)  +  ^  ip  -  /^i)] 


-Li—  (1  -^)  -  [mi  U  +  2pi  -  p)  +  ^  ip  -  pi)\. 


dt 
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Now  from  (4)  the  velocity  and  rest  mass  in  region  I 

/3  =  ^  Po  (1  - 


(4) 


M  =  Mq  (1  +  y). 

Let  E  be  the  total  self  energy  (kinetic  and  rest)  of  the  particle,  and  p 
its  linear  momentum.  By  conservation  of  energy  EpuCr)  =  Ej  -  eY  (r),  or 


.(.)  .  .  sYM, 


How 


ffi-T  = 


Mo  (1  +  y) 


^  >/l  =  ^2  (1  +  .  |3? 

while  from  (1)  and  (3) 

eV  (r)  _  a  Mq  /S  p 

c2 


1  +  Y  + 


^e  \/ 1  =■  (3 


so  to  first  order  in  Y^  and^ 

Mo 


m(p)  * 


v/l 


1  +  Y  +  ^ 

1  "  P2  ae  ^ 


Now  (3  =  /I  whence  p  =  m^c  *  c  =■ 

V  m2 


so  that  from  (4)  and  (a6) 


p(p)  =«£j^(l.Y-  ^ 


_ _  _ 

1  =  ,02  ae 


yi  "/32 

Combining  {A6)  and  (A7)  gives  v  =  p/m; 

v(p)  =  /3oC  [l  +  A  =.  f .  (1  »  r^2)  ^ 
Further  rpcpj^  =  v^^  cos  a*  -  vp 


P]- 


a^ 


(A6) 


(A7) 


(AS) 


*  It  is  sometimes  more  useful  to  use  the  energy  rather  than  the  velocity, 
may  be  shown  from  (4)  and  (A6)  that  the  kinetic  energy  in  region  I 


It 


T  =  T 


o 


1  +  Y  +  -  ?\ 

1  “ 
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=  £1(1  .  p  )  =  1  +  Y  +  — ^  -  71 

-L  -L  ri  a  a71-^2|_  1  -  f>6 

1  -  (3^ 

The  equation  of  motion  (A5)  is  now  multiplied  by  m - and  (a6}  and  (a9) 

are  substituted  into  it.  By  noting  that 

P  =7“ 

(/i)^  .  g  a2 

SO  that  (p)2  is  second  order,  compared  to  p',  keeping  only  first  order  terms,  and 
making  use  of  (3)  to  replace  the  field  expressions  by  am  and  ag,  and  of  (2')  to 
simplify  many  terms,  the  following  equation  of  motion  is  obtained: 


p-± 


/3g 

1  -Pi 


»i  P 


By  use  of  the  substitutions  (8)  and  (9) 


=  1  + 


(1  -  ^l) 


=  Y  +  BA=Y+^[l  +  f-  + 


1  -(3§ 


the  equation  of  motion  becomes 


(S-p). 


(AlO) 


Integrating  (AlO)  with  the  boundary  conditions -vs 


gives 


|0(t)  =  - 


a*  .  ^O  ir+ 

—  sin  —  Kt 
K  c 


at  t  *  0 


(1  -  COS  —  Kt)  +  —  cos  —  Kt- 
a  a  a 


To  zero  order  t  =  9  .  Since  all  terms  on  the  right  are  already  first 


order,  tins  value  of  t  can  be  used  in  the  above  equation,  giving 
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r°a=a^  =  aj^-^  sin  +  S  (1  "  cos  Kcp)  +  cos  K(p  j* 


(7) 


Appendix  B 

Vertical  Focussing  (See  Fig.  5) 

The  vertical  motion  is  shown  in  Fig.  3,  and  in  more  detail  in  Fig.  5.  In 
the  latter  figure  light  solid  lines  are  in  the  yz  plane,  the  plane  of  the  paper. 
Dashed  lines  are  in  the  xy  plane.  As  before  reference  ray  approaches  the  field 
in  the  -x'  direction,  n'  is  the  normal  to  the  plane  bounding  the  fields, 

£?  =Z(x*,  n') . 

The  force  on  the  ion  is 

r->  1  ->  -»i  ^ 

F  =  e  =  mr 


so 


®  “  me  %  "  %  ^x)  "  me  "'^x  since  Hx  =  0 


but 


Vx  *  ”  Vy  j^’n  £’ 


®  In  £'  /  Hy  (y,z)  Udt  =  -  — 


^  "  me  /  ‘-"J  dt  ““  '  me 


fn  £»  /  Hy  (y,z)  dy  +  Zq - 

J"iv  cos  e* 


It  is  desired  to  know  z  just  inside  the  magnet,  past  the  fringing  field.  Since 
H  is  irrotational 

r.  ry  no  n-Jv  cos  e" 

H  »  dr  *  /  Hy  (y,z)  dy  +  /  Hg  dz  +  /  Hy  (y,0)  dy  =  0. 

7  717  cos  dy 

actual  path  inside 

By  symmetry  Hy  =  0  on  the  z  =  0  plane,  so  the  Integral  in  the  expression 
for  z,  at  y  »  0  is 

no 

“  /  Hg  dz  =  H  Z]_ 


where  zp  is  the  height  at  which  the  ion  enters  the  wedge.  Hence, 
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z  -  Zq  * 


jtn  £’  z^^* 


Dividing  by  v,  and  using  the  second  of  equations  (3)  gives,  to  first  orders* 


e' 


where 


If 

K-v  -  a  • 


If  the  ion  passes  through  the  point  x'  *  j2v>  ^  then  z  -  by  +  Y' 


Ay'  * 


1:4  +  ii'  tn  a* 


The  ion  now  goes  a  distance  a$  (1  +  small  correction)  in  the  field,  emerging  with 
Z2  =  +  (y'  +  Ay')  af  +  second  order  terms 

/I.  .  r  .  /"l^v-  .  J^v  ...\  in  e*  1 


=  ^  Y*  - 


•'  ^  a| 


here  it  undergoes  another  deflection  Ay"  =  "  —  so  that  the  outgoing  angle 


^  =  y  +  Ay'  +  Ay" 


- - in  €'  +  tn  £"  -  -^in  £'  tn  £" 

^  a  Ky  Ky 

-  y«  ■  (in  e*  +  In  £"  -  tn  t*  tn  a" 

[aK^V  *4 


1  -  tn  g"  )  , 
Ky  y_ 


Hence  the  vertical  path  of  the  ion  in  region  II  is  given  by 


♦This  derivation  has  been  given  by  L,  S.  Lavatelli,  AEG  Oak  Ridge  report  MDDC-350 
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z"  =  Z2  +  x"  ttv  =  ”  7^—  (tn  e'  +  In  £"  >  |-  fn  e’  in  £"j  +  [1  -  -^in 


V  iV  -  -  -  y  y- 


+  aM  x" 


—  fin  e.®  +  in  £ "  -  in  f  *  in  e "  )  -  { 1  -  in  £*' 


a  ILy 


K. 


V 


iv 


which  goes  into  the  standard  form 


(B4) 


) 


z"  *  by 


gy  -  X"  ^ 

fy  fy  L 


(x"  -  g^)  iU  -  g|)  =  f2 


(21v) 


with  the  definitions 


a  K- 


■v 


in  e*  +in  e"  "-f-in  e' in  g” 

JS-x 


gy  =  fy  (^1  -  f-  in<g  « 


(19v) 


g^  =  fv  1  in  e* 


where 


.  Kv  = 


fyj  gy  gv  are  also  related  by 

fy  “  gy  gy  "  aj  fy. 


(I9v) 


Appendix  C 

Effect  of  Fringing  Fields  (See  Fig.  6) 

As  the  ion  approaches  the  fields  along  the  x'  axis  its  path  is  bent  some¬ 
what  by  the  fringing  fields,  which  exert  a  normal  force 

2 

=  e  Ejj  sin  &”  +  e  Ey  cos 

But  dx  =  rdf  cos  <p  rdp  cos  e®,  where  d??  is  the 
dx 


e®  + 


He  y 
c 


change  in  direction  in  a  distance 
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dg?  ^  ^  tn  +  Ey 
dx  -Eq  ®-E 


Hq  aji  cos  e’ 


Eq  ®-e 


Jn  £®  /  Ex  dx  +  /  Ey  dx  + 


Hq  aju  cos  £' 


Hb;  dx 


in  £»  +  AUe  ^  RUm 


Eo  as 


Ho  aM  cos  e' 


where  Ug  and  Uji  are  the  electric  and  magnetic  stream  functions,  and  Vg  is  the 

electric  potential  function.  Whenever  an  electric  field  is  present,  £'  =0,  so 

the  first  term  is  always  absent.  To  calculate  the  addition  to  |  due  to  the 

fringing  fields  the  differences  in  are  taken  with  and  without  fringing  fields. 

Thus  in  the  ideal  case,  without  fringing  field  — —  =  — - where  the  condenser 

^o  %  ”  ^2 

plates  are  at  potentials  Vq  and  -Vq.  In  the  real  case,  the  fringing  field  is 
given  by  the  field  of  two  sem-infinite  conducting  planes,  at  potential  1q  and 
“Vq,  This  is  given  by  Smythe,  problem  24,  Chapter  IV: 

Rl  ■=■  R2  n  .  n(VE  +  i  Ue) 
z  =  X  +  ly  *  - In  Sin  - — - . 

tr  2V^ 

o 


With  y  s  0  it  is  foxind  that 

^Ue.=  %  (x — ^oo)  ~  Ug  (x— ) 


^1  ”  % 


■In  4. 


Thus  the  change  in  |  due  to  electric  frin.ging  field  is 


2  Jdn  4  ^^1  "  ^2 


Rl  -  R2 


For  the  magnetic  field,  if  it  is  assumed  that  the  magnet  extends  infinitely 
in  the  vertical  direction,  then  it  may  be  shown,  by  a  suitable  series  of  Schwarz 
transformations,  that 


tt  (x  +  iz)  ® 

Sy  Sy 


I  tr(UM  +  i  Vm)'  .  ,  „i  1 

fl  +  4  exp.  - ; -  +  sinh  —  exp. 


2  Vn 
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where  Sv  is  the  vertical  separation  of  the  magnet  pole  faces.  Thus 


^  =  ~  Um  (x^  )  -  UM  (x-^  -  oo  ) 

^oM  ^oM 


Sy  ^  \  ^  Sy  / 

2x 

whereas  without  the  fringing  field  it  is  — .  Hence 

Sy 


^  a  +  i- ” ^ 


CCS  £.“  a,,,  n 


Actually  the  magnet  is  not  vertically  infinite,  but  has  height  A  so  that 
for  x*  yy  A  the  contribution  to  will  be  zero.  Thus  x'  should  be  limited  to 
the  approximate  dimentsions  of  the  system,  namely  A, 


ajy^  TT  \  4  Sy/ 


sec  A’  +  sec  £”)• 


The  exact  value  is 


sec  £" 


+  sec  £' 


Hg  (x,x  tn  £' ) 


dx  -  X 


Ha  (x,x  Jtn  e"] 


dx  “  X 


Hence  the  fringing  fields  increase  the  turning  angle  |  by 


=  +  A( 


^  i  ( sec  £  ®  +  sec  g.” )  Jin/ ^  — 
®’E  %i  ^v 


where  Sy  is  the  vertical  separation  of  the  pole  faces  and  A  is  of  the  order  of 
the  total  height  of  the  magnet.  Thus,  due  to  the  fringing  fields,  both  the 
electric  and  magnetic  fields  effectively  extend  an  additional  distance  of  the 
order  of  the  gap  width. 
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4  The  term  "electromagnetic  field"  refers  to  the  static  electric  and  magnetic 
fields  discussed  in  this  paper, 

P'ollowing  the  first  sentence  after  equation  (1)  add: 

The  X*  and  x"  axes  of  Fig.  1  are  normal  to  y'  and  y"  at  O'  and  0" 
respectively,  directed  outward,  so  that  the  ion  just  described  ap¬ 
proaches  the  field  along  the  x'  axis  negatively  and  leaves  along  the 
x"  axis  positively, 

15  After  equation  (32)  read: 

If  the  value  $£  =  Tr/2  is  substituted  in  (32)  the  following  numerical 
values  are  obtained: 

21  The  last  term  on  the  right  of  the  second  of  equation  (A4)  should  read: 

(r  -  /"i)  *  ~  h  not  f  -  (/^  -  /^i) 

27  In  the  first  e<puation  in  the  middle  of  the  page  y  is  measured  from  the 
inner  condenser  plate,  at  potential  -Vq. 

The  following  equation  is  valid  for  y  =  ~  that  is  for  Vg  =  0,  rather 

than  for  y  =■  0,  It  should  read: 


nUj;  =  Vq 
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5  The  separation  between  magnet  pole  faces  should  be  labeled  S^y,  not'  Sj^. 


